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For the horizontal generating functions P,(z)=>"%_, S(n, k) z*¥ of the Stirling
numbers of the second kind, strong asymptotics are established, as n — co. By using
the saddle point method for Q,(z) = P, (nz) there are two main results: an oscillat-
ing asymptotic for ze(—e, 0) and a uniform asymptotic on every compact subset
of C\[ —e, 0]. Finally, an Airy asymptotic in the neighborhood of —e is deduced.
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1. INTRODUCTION AND SUMMARY

This paper contains asymptotic expansions for the horizontal generating
function of the Stirling numbers of the second kind S(n, k), which are
defined by the following double generating function (see [ 3, p. 50]):

exp{z(e"— 1)} =1+ ¥ S(n,k)%zk, ueC. (1)

I<k<n<oo

The horizontal generating functions P,(z) are the coefficients of the power
series

x P
exp{z(e“—1)} =11+ ) 2('2) u”, z,ueC,
n=1 *
that gives
2 ! exp{z(e’—1)}
P = k k1 ———dt 1.2
u(2) k; Sin, k) 2 =5 LO e , (1.2)
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with y, a simple closed curve with positive orientation encircling 0. In con-
trast to the vertical generating function and to the corresponding functions
of the Stirling numbers of the first kind, whose particular sums can be com-
puted exactly (see [ 3, pp. 206, 2121]), there is no comparative result for the
function P,. Therefore, it is interesting to at least deduce some asymptotic
results. Concerning asymptotic characteristics only the case P,(1), the so-
called Bell number, has been investigated so far (see [ 1], [2, pp. 102-108],
[3, pp. 296-297], [6]). Moreover, there is one result respecting the zeros
of P,. These are simple, real, and not greater than 0 (see [3, p.271]). In
this work, we deduce two asymptotic expansions for P, with the help of the
saddle point method, which requires that the saddle point and the
parameter n are independent of each other. This leads to the function

0,(2) :=P,(nz)

|
== Yo s LA N (13)
2mi Jy, t

In accordance with asymptotic results for the classic orthogonal polyno-
mials, see for example the Hermite polynomials [ 8, p. 201 ], we obtain the
following asymptotics of the Plancherel-Rotach-type:

(1) With ¢ €(0, n) there is the oscillating asymptotics

o (35w}t -0} ) (1)

with k,(¢) >0 and #(¢) bounded by 5 and 7 (see Theorem 3.1).

(i) With zeC\[ —¢,0] and we./, zwe*=1, o/ :={weC\{0}:
w> —1orw=a+ib, be(—n, n)\{0}, a> —bcot b} it holds that

(=l L {”(1 —W)} 1+ )—1/2<1+(9<1>>
0, z)—\/%wnexp " —e (I+w o))

where the (-term holds uniformly on every compact subset of C\[ —e, 0]
(see Theorems 3.2 and 3.3).

In addition, we investigate the turning point —e, which occurs in the
interval in (i) by tending ¢ — 0. Thereby, we get an Airy-asymptotics,
which is called a strong asymptotics, as well as the above mentioned
asymptotics.

In addition to this work, the position of the zeros of Q,, is investigated
in [4].
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2. AUXILIARY RESULTS
2.1. Technical Lemmas

LemmA 2.1. (i) Let ¢ be in (0, %); then 1<

<%.

sm @

(ii) Let ¢ be in (0,n) and o in [0, n —@]; then cos a gfo> —1.
Proof. Both (i) and (ii) can be easily checked. ||

LEMMA 2.2. Let a, b be in R, a<b, f:[a,b] >R, feC*[a,b] with
fla)= f(b) and f"(x) <O for all x in (a, b); then for all x in (a, b) f(x) is
greater than f(b).

Proof. 1Tt is f"(x)<0 for all x in (a, b); ie. f is strictly concave on
[a, b]. If we assume that there is an x, in (a b) with f(x,) < f(b), there is
also a 4 in (0, 1) satisfying:

J(b) = f(xo) = f(Aa+ (1= 2) b) > Af(a) + (1 = 1) f(b) = f(b).
This is a contradiction and thus the lemma is proved. ||

2.2. The Solution of the Saddle Point Equation

To apply the saddle point method to the integral (1.2) it is required (see
[7, p. 127]) that the derivative of p(z) =1In ¢ has a simple zero on the curve
7o Because this is not possible, the function Q,(z) = P, (nz) is introduced.
By (1.3) this leads to

p(t)y=Int—z(e'—1) and p’(t):;—ze’; 2.1)

the logarithm will be defined below. To determine 7 with p’(¢) =0, which is
equivalent to solving the equation zte’ =1 with ze C\{0}, we refer to [5],
where a similar problem (namely to solve z(z—1)e‘=1) is discussed in
detail. The obtained solutions and characteristics can be transferred easily
and so the following results hold:

Lemma 2.3.  Define

o :={weC\{0}: w> —1lorw=a+ib, be(—n,n)\{0},a> —bcot b},
I, :=0d n{weC:3(w)>0},

I'_:=0d n{weC:3(w)<0},

=0/\{0}=r, vr_uv{—1j and Y. /\{0} > C,

1
Y(w):=—e™", then:
w
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(1) The equation x=Y(w), xe(—e,0), has exactly two solutions

w=a+ib, we o/, which satisfy

(a) a>—1,be(0,n),a= —bcoth, a+ibel,,a—ibel _,

(b) x=h(b):= —sinbebcoth

(¢) lim,_ o h(b)= —e, lim,_ , h(b)=0, h(b) is increasing strictly,
be (0, m),

(d) with xe(—e, 0) a=a(x) is increasing strictly, a((—e,0))=
(—1, o), and b=b(x) is increasing strictly, b((—e, 0)) = (0, 7),

p2
sin2 b "

() wel,,w=a+ib, or wel _, w=a—ib, satisfies |w|*>=
(ii) ¥ maps of conformally onto C\[ —e, 0].
(1) ¥ maps both I' . and I' _ one-one onto (—e, 0).
Proof. See [5, pp. 346-350]. 1

Due to these results, an inverse function @: C\{ —e, 0} > .7/, of ¥
can be defined (see Fig. 1):

D(z):=

{w, we.d, zwe” =1, zeC\[—e, 0] (2.2)

w,wel,,zwe" =1, ze(—e,0).

The function @ is analytic on C\[ —e, 0] and maps C\[ —e, 0] confor-
mally onto .o/. Especially, it holds for &((—oo, —e))=(—1,0) and
@((0, 00))=(0, o). Further, @ solves the saddle point equation:

LemmA 2.4. For ze C\{ —e, 0} p'(t) has a simple zero at w= &(z).

FIG. 1. The domain .«7.



202 CHRISTIAN ELBERT
Proof. Because of (2.2), p'(w)=0, so we have to show p"(w) #0:

1 1/1
p”(w)z——zewz—<+1>;é0, because —lé¢o/ul, . |

w? w AW

For ze(—e,0) we introduce a parametrization (compare Lemma

2.3(i)(a), (b))

z=x(¢):= _sin(;@ efcotd $e(0, ), (2.3)

so that w is given as:

w=w(¢) = —¢cot¢+ip= _sij(f)em:siffqﬁeanm. (2.4)
The next problem is to determine a curve y, having w as an interior point
and satisfying the condition (see [7, p.127]) that the real part of
p(t)— p(w) is positive for all rep,\{w}. We will prove that y, may be
chosen as a circle for z in the cut plane C\[ —e, 0] and as a semi-circle for
ze(—e,0).

3. PLANCHEREL-ROTACH ASYMPTOTICS

3.1. The Oscillating Asymptotics

For ze(—e, 0), from (1.3) we get the representation

n!J t dt
=" p—Mnz—z(e'—1)) 0
Qn(2)=5— . !
:n's{f en(lntz(etl))dl}’ (3.1)
v yg 4

with ys the upper half of the circle with radius |w| and In z=1n |¢| + iph(?),
ph(z) e [0, n]. If we want to apply the saddle point method to (3.1), we
have to verify the real part condition, ie., R{p(t)— p(w)} is greater than
0 for all zeyy . By using (2.3) and (2.4) with r(¢) = &, t=ty) :=r(¢) eV,
Yel0,n], w(¢)=tn—¢), and R(Y):=R{p(t(y)) — p(t(n —¢))} we will
prove that R(y) is greater than 0 for all Y € [0, z]\{7 — ¢}.
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(a) Computation of R(y) and R'(y) = dR("’).

R(y)=R{p(t(h)) — p(t(m — ¢))}
=R{In(r(¢) e¥) — x(¢) P <" —In(r(¢) &™) + x($) e"® <"}

= —x(¢) "D Y cos(r(¢) sin ) — ﬁcos(qﬁ) (3.2)

That gives:

R'(Y) = —x(§) e"P*¥r($)(—sin i) cos(r(¢) sin )
—x(¢) eV (—sin(r(¢) sin ¥)) r($) cos ¢
=x(¢) "D V() sin(y + r(¢) sin ). (3.3)
With f() :=y 4 r(¢) sin y and g(y) := x(¢) " °*¥r(¢) we have:
R(Y)=g() sin(f()),

g(y) <0 forall Y e[0,x] and (3.4)
R'(Y)=0 ifand only if f(y)=kn, keN,.

(b) Proof that R(yr) is greater than 0 for all y in [0, 7 — ¢): Because
f(0)=0, f(n—¢)=m, and f'(Y)=1+ siffq,cosw>0 for Yy e(0, 7 —¢) (cf.
Lemma 2.1(i1)), by using (3.4) it follows that R'(}) <0 for ¥ € (0, 7 — ¢).
Since R(m —¢) =0, the allegation is proved.

(c) Proof that R(y) is greater than 0 for all Y in (x— ¢, 7]:

Case 1. ¢<3%. It is sufficient to show that f(y)e(n, 2n), for Y e
(r — ¢, m), then from (3.4) it follows that R'(y) >0 for ¢ € (n—qb 7). First,
by Lemma 2.1(i) it holds that f(y)=y +r(¢)siny <n+5<2n. On the
other hand it holds that f(x—¢)=f(n)=n, f'(Y) —1+coswsm¢ and
f”(¢)=—sinlp$<0 for Yye(n—¢,n). And thus Lemma2.2 gives
SW)>m.

Case 2. ¢>3. Because R(m)=x(¢) e '~ Dcos(0) — ;4 cos(¢) >0 and
R(n—¢) =0, it is sufficient to show that

R(o) >0, forall yoe N, N :={ye(n—¢,n): R(Y)=0}.

Since (o) >0 and by (3.4), it follows that for Yo € 4" f(o) € {kn: ke N}
if and only if there is a koeN with Y,+7r(P)siny,=kom, Iie.

1) sinYo=kom —,.
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o Yoe(m—d¢, @), by (3.2) it follows that

R(ro) = —x(¢) ¥ %0 cos(r(9) sin o) +x(¢) € P "= cos ¢
=x(¢) e cos(n—4) o )

() st cos Y, ko=2m,meN
—cos Y, ko=2m—1,meN

=X(¢) <er(¢)cos(n—¢) cos ¢ o er(¢)coS Yo { CcOoS lﬂo }> - 0,

—cos i,

because cos(m —¢) = —cos ¢ > [cos o| =0, Yoe(n—¢, ¢), §>5.

L. Yo €[ ¢, n). This case does not exist, because A" N [P, ) is empty,
which is proved as follows:

First, it holds that f(¢) = ¢ + r(¢) sin ¢ = 2¢ > =, f(n) = n and f"(Y) =

—r(¢) sinyy <0 for y €(¢, #). Then Lemma 2.2 with a =¢ and b = gives:

f)> fn)=m, for all e[, n).
Second, for e[ ¢, 7) it follows that

in
in ¢

That means that f(y)e(n, 27) for Yy e[, =) and it follows by (3.4) that
R()#0. 1

Thus the real part condition is accomplished and the saddle point
method may be applied.

THEOREM 3.1. Let x(¢) be defined by (2.3). Then for ¢e(0,7), as
n— oo,

0,x(#) =k ) (sin (n—¢+sm¢2 Deno)+e(;)):

with arccos: [ —1,1] - [0, ], #: (0, #) = (5, ), k,(¢): (0, 7) = (0, c0) and

—n(In(¢/sin @) + x(¢) + ((sin ¢ cos ¢)/$))

e e

: <<sj15¢) —cos ¢>2 1 sin2 ¢> —1/4

1 — ¢ cot(9)
1 — ¢ cot(4))* + ¢2)‘/2>'

n 1
n(¢) = §+2 arccos <((
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Proof. According to [7, p. 127] with (2.4), (3.1), and Lemma 2.4 we

obtain
°§ J o~ —xg)e —1) L dt
+ t

Yo

s {2e"p<W<¢)> Jl; <r<;> g+ 0 <;>>}

with ay = (w(¢) /2p"(w(¢))) " and w, :=ph(p"(w(¢))) satisfying |, + 20|
<%, where o is the limiting value of ph(z —w(¢)) as t = w(¢) along (w(¢),
—|w(¢)|), which means the part of y; between —|w(¢)| and w(¢).

0,(x(¢)) =

::\3

SR

(a) Computation of p(w(¢)) gives:

pw(¢))=p(t(n—¢))=Int(x — §) —x(¢)(e" "~ —1)
=Inr(¢)+i(m—¢)+x(9)

n sin ¢ o <Ot B (#/sin §)(cos(z — ) + i sin(z — $)

¢ sin ¢ cos ¢ sin? ¢
=lnsin¢+x(¢)+T < —¢+ s > (3.5)

(b) With t —> w(¢) along (w(¢), —|w(¢)|), w is given by:

w= lim ph(t—w(¢))= lim ph(r(¢)(e™ —e'™=9))
t— w() Y- (n—¢), ¥>(n—¢)
=n—¢+ lim ph(e®—1)=3n—4¢. (3.6)
e—>0,e>0

(c) Since x(¢) w(¢) e”® =1 and due to Lemma 2.4, w, is computed
as follows,

wo = ph(p”(w(4))) =ph <— 2 (1 +W(¢))>

w(¢)

—ing —2i(n—¢)
—ph <E(W> +ph(1+w(§)) = — 37 +2¢ +ph(1 + w(4)),

and since R(w(¢4))> —1, the condition |w,+2w| <3 is satisfied. With
w(¢) =r(¢) ™= ® and arccos: [ —1,1] - [0, n], w, holds further:

1 —¢ cot(¢) >
((1—¢cot(¢))>+¢)'2)"

W= —3n+2¢+arccos< (3.7)
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(d) Computation of a, gives:

ag = (w($) /2p"(w(¢))) ™"

—i(n—¢)
_Lle o —i(@/2)

1 1 1 —12
N r(¢>ef<ﬂ¢><r<¢>e“”¢)+ >‘
1

= p—im—¢+(wg/2)) |e—i(n—¢) +r(¢)| —1/2

e (g ] " o

Altogether, from (3.5), (3.7), and (3.8) we obtain:

0.(x(¢))=—+ 3{28n(ln(¢/sin¢)+x<¢>+(<sin¢cos¢)/¢>+i(n¢+<sin2¢/¢)>>

U =t (@) ¢ ST
X \ﬁe 0 ———cCcos¢ | +sin”¢

sin ¢
+(9(n‘1)>}

n!

\F
< ¢ cos¢>2+sin2¢} o

sin ¢

dl
><<sm ¢nn<ﬂ¢+8ir:;¢>>+@(”1)>

n!

=
X [ <si1(f i cos ¢>2 +sin? (/’)} o <sin <n <7z —¢o+ sinq: ¢>

7T 1 1 —¢ cot(¢) —1
Sz (G ) o)

3.2. The Asymptotics on the Cut Plane

For zeC\[ —e, 0] we will apply the saddle point method to (1.3).
Therefore we will choose y, as a circle with radius |w|. The logarithm is

ﬂ o —(In(@/sin ) + x($) + ((sin ¢ cos $)/$))

ﬂ o —"(n(@/sin ) + x($) + ((sin ¢ cos $)/$))
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defined by In ¢ =1n |¢| +iph(¢) with ph(¢) [0, 2] for ze C\[ —e, o0) and
ph(z)e[ —n, =] for ze (0, o).

First, we have to prove the real part condition again; ie., R{p(r)—
p(w)} is greater than 0 for all z€y,\{w}. With w=re™, r>0, [0, 27),
WE A, I <Fpax '=5ne for ae(0,n) U (7w, 21) (r <7 :=1 for a=m) and
t=ty)=re", Yy e[0,2n], for ae(0,2n) ([ —n, n] for «=0), we have to
show that R(y) :=R{p(t(y))— p(w)} is greater than 0 for all ¢ #a.

By (2.1) and zwe"” =1 computation of R(yr) gives:

r

1 i i ot
RO =5t =26 207} =3t {1 ==

1 1 . .
=_cosa—— e'(cos ¥ —cos®) oog(oq — p(sin i — sin a)). (3.9)

If « =0 the allegation follows directly from (3.9). For a #0 we define
f(r, Y) := eV =e05® cog(a — r(sin Y —sin ),
G ={(r,Y)eR*: 0 <r<rp. Ve(0,2n+e¢)}
with 0 <e<min{a, 27 —a},
{(ro,Yo) €% : f(ro, Yo) = f(r, ) for all (r, ) e 9}, and
{(rny)eG r=00rr=rp,, ye{o,2n—a} oryy=a}.

2
M

Hence, it is sufficient to show that f(r, ) =cos« for all (r,¥)e.# and
2 < . The first condition can be easily checked, and thus we only have
to prove 2<.#. For (r,,y,)e€ 2 it follows directly that f(r,, ¥ ,) is not
less than cos a. To show that (r,, V)€ .#, we investigate in (a), (b), (c),
and (d) possible maximums on the edge of % and in (e) in the interior of 4.

(a) r,=0. (r,,y,) e # follows immediately.
(b) ry=rpa. To show that y, € {a, 27 —a} we define g(y) :=
S(Fmax> ¥), then

e((n —a)/sin a)(cos Y — cos o) cos <O( _ 77,'.
S1

Z (sin Y —sin oc)>, ae(0,2n)\{n}

(V) =
%SV =S cog(7r — (sin Y — sin 7)), a=n
_ ple—m)cota,(n—a/sina) cosy oo <7T o sin [p>’ ne (0’ 27[)\{77;}
= sin o
—e!*eos¥ cos(sin i), A=,

(3.10)

so we have to prove g(y) <cosa for all y € [0, 27 +¢e]\{o, 2 —a}.
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(bl) ae(0, n), ye[0, n]\{a}. With a=:7—¢, ¢e(0,n), it follows
from Section 3.1, especially (3.2), that g(y/) <cos a.

(b2) ae(0,m), ye(m,2n]\{2r —a}. By using ¢ €[0,7)\{a} with =
21 — ¢, it follows from (3.10) that g(y) = g(¢) and hence by (bl), g(}) <
cos a for all Y e (x, 2]\ {27 — a}.

(b3) ae(0, ), ye(2r, 2n+¢€]. By (bl) and the 2z-periodicity of
g it holds that g(y/) <cos a.

(b4) a=m. By (3.10) we have to show that A(y) := e®*¥ cos(sin )
>1 for all Yye[0,2n+e]\{n}. Since h'(Y)= —e® ¥ sin(y +sin ), the
function # has an absolute minimum in [0,27+¢&] at Yy ==n and by
h(n)=e~! the prove is completed.

(b5) ae(m, 2m). With a=2n—f, fe(0, n), it follows from (3.10)
that

: ﬂ—ﬁ .
_ (p—m) cot B,((m— p)/sin f) cos Y
= —e e COS " s .

Hence, we can deduce immediately from (bl)—(b3) that g(y/) <cos « for all
Yel0,2n+e]\{o, 2n —a}.

() r,€(0, rp.y) W,=0. By the 2z-periodicity of f with reference to
y, it follows that (r,, 2r) € 2 also. This is investigated in (e).

(d) r,e(0, rp.e), w.,=2n+¢& By the 2z-periodicity of f with
reference to , it follows that also (r,, ¢) € 2. This is investigated in (e).

(e) roe(0, r,.,), v,e(0,2n+¢). We assume: Y, #a Because
(re, ¥y )e2, (ry,¥,)e%, and ¥ is open, (r,, ¥,) must comply with:

ofr ) ofry) B
or - alp _0’ (}’, lﬁ)—(?’*, lp*) (311)

Computation of df/0r gives:

M — 6,r(cos W —cos a)

P ((cos ¥y —cos a) cos(oe — r(sin y —sin )

—sin(ot — r(sin Y —sin o) )( — (sin Y —sin a)))

o) (sm <¢ —at 2r(szin Y —sin oc)> o <¢ - oc>>

That means f,(r,, ¥,)=0 if and only if Y, —a=2kn, keZ or Y, —a+
2r,(siny, —sina) =2kn, ke Z.
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Case 1. Y, —a=2kn, ke, by Y, =o+ 2kn; it follows that
if k=0: , =a, contradiction to the assumption!
if k<0: ¥, <0, contradiction to y, € %!
if k>0: W, =2kn+o>2n+e, contradiction to , € %!
Case 2., —oa+2r (siny, —sina) =2kn, k € Z; that means:

r(sin , —sin o) = kr + 5

(3.12)

By

af(r’ l//)_ r(cos Yy —cos o
alp = p'(cosy )((

—rsin ) cos(oe — r(sin ¥ —sin )

—sin(a — r(sin Y —sin a))( —r cos )
= —pe"(®sV =N (gin(f — o + r(sin Yy — sin a))),
and (3.11), it follows that ¥, —a+r(siny, —sina)=mn, meZ, and

hence by (3.12), ,, —a + kn + 52 = mz. That means ¢, = a +2(m—k) ©
and we can deduce

if m=k: ,, =a, a contradiction to the assumption!
if m<k: , <0, a contradiction to \, € %!
if m>k: y,>2n+e, a contradiction to , € %!

Hence, we have shown that neither Case 1 nor Case 2 can occur and our
assumption must be wrong. ||

Thus, the real part condition is accomplished and the saddle point
method may be applied.

THEOREM 3.2. Let z be in C\[ —e, 0] and &(z)=we o, zwe” = 1. Then,
as n— oo:

n! 1 n o _in l
Qn(z)z\/%wnexp{w(l—e )}(l—i-w) /<1+(9<n>>.

Proof. According to [7, p. 127] and (3.1) it follows that

0 (Z)ZL!J ot i—stei—1) 4
n .

2miJy, t

_’”L!e,np(w)i <F <1> aq,+ O <1>>
_71'i ﬁ 2 0 n ’
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with ay=(w./2p"(w))~! and w,:=ph(p"(w)) satisfying |w,+ 20| <%,
where o is the limiting value of ph(¢ —w) as ¢ — w along the part of y,
between w and the endpoint of y,.

(a) By zwe” =1 computation of p(w) gives:

1
pw)=Inw—z(e"—1)=Inw——+°—. (3.13)
w w

(b) With w=|w|e™ and t=|w| e¥, w is given by:

@=lim ph(t—w)= lim ph(|w| e — |w| ™)
tow Yoo, y>a
. n
= lim ph(|w]| e’ (e’g—l))zoc—l—E. (3.14)
e—>0,e>0

(¢) By zwe”=1, w=|w|e™ and Lemma 24, w, is computed as
follows

1
wo=ph(p"(w)) =ph ( ~La ~|—w)>

1 .
=ph <e‘”‘|w|2 e (1 +w)> = —n—20+ph(l+w), (3.15)

and since R(w) > — 1, the condition |w,+ 2w| < is satisfied.
(d) Computation of a, gives

1 —ia 1 —1/2 '
ag=(w./2p"(w))"! =z e|17| —Wj(l +W)‘ e~ (W2 iay
:\k|1+w|1/2ei(n/2)e(i/2)ph(1+w):"2(1_’_”})1/2, (3.16)

with In(1 +w)=1In |1 +w|+iph(1 +w), |[ph(1 +w)| <5.
From (3.13), (3.15), and (3.16) we now obtain:

! 1 —w
Qn(Z)zn.eXp{—n<an_+e>}
Tl w w

‘ (14+w)"2 4+ 0(n 3/2)>
(Vi 75

__n! 1exp{"(1—e—W>}<<1+w>—1/2+a<n-1>>- I

/2nn W w
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The result of Theorem 3.2 can be strengthened: the asymptotics is valid
uniformly in every compact set K lying in C\[ —e, 0].

THEOREM 3.3. Let K be a compact subset of C\[ —e, 0] and

G ()= inexp {” (1 —e_w)} (14+w)~ 12,

/2nn W w

zeC\[ —¢,0], w=ad(z).

Then Q,(z)/G,(z) converges uniformly to 1 on K.

Proof. Since the saddle point method is a special application of
Laplace’s method, the following proof is based on the proof of this method
(see [ 7, pp. 121-125]) with the difference that the function p(z) depends on
a parameter z besides:

p(z, ) :i=Int—z(e'—1), teC\{0}, zek

The branch of the logarithm must be chosen in a suitable way, so that p
is analytic in the sets appearing below (therefore K has to be split into two
compact sets, if necessary). Further, we must mention that if s is odd, the
coefficients used below «a, disappear when the Laplace method is replaced
by the saddle point method. This happens because a different w, (see
(3.15)) has to be chosen (compare with the variable v introduced below
with ph(v) = w,).

(a) Because ze K, K compact, there is an M,>0 with |w|~!=
|®(z)| ~! < M, for all ze K. Further, the functions p and ¢(z) =t ~! have the
following power series representations in a neighborhood of w:

(o)

p(z,t)=p(z,w)+ Y p(2)t—w)'™*,  u=2,

s=0
(Z):$ M(z w) 6Sp(z W):wfl
Ps (s+2)! o+ 77 or ws w’
© —1)*
=Y q—wpeio, g =00 o (317)

s=0

Hence, we obtain the following estimations for |p,(z)| and |py(z)|, which
hold for all ze K:
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1

| ps(2)]| <(S+2)' (s+D! MST24-M )< (M +1)* 2= M52, (3.18)
1 1 1

[po(2)=|5| ——=—— ]| =M;>0, (3.19)
2 wew

! <M M ma {l 1} (3.20)
R s = X s T .
|po(2)] * ¢ M,

(b) We set u=g(z, t):=./p(z,t) — p(z, w) with In u=In |u| + iph(u),
ph(u) e[ —=x, n); then (3.17) gives:

I 12
u=<z ps<z><z—w>”2>

s=0

=(rrewr (14 Z LG eowr))”

(145 (25 20

k=1

© 1/2> pv,.(z>>>
El(t ¥) <k§1<k v1+-<-z+lvk=m il;II po(z)/))

0 &m(2)(t—w)™ ™! then there is an M greater

(c) Letg(z,t)=%,_
| <M,M7 for all ze K.

than 0 with |g,,(z)
Proof. The case m=0 follows immediately from g,(z) Po(z) and
(3.18), so we consider me N, 1 <k <m. By (3.18) and (3.20) it follows that

k Z) k
H = STI MY 2PM < MEMP R < (MaM3)" = M.
i1 Dol i
Since [("2)[<Tand ¥, 4 ... 4y —pmy>1 1 =(F71), We obtain:
mo 12 ko py(2)
Igm(2)|=’\/Po(Z) > <k ) > [1
k=1 "l+"‘+l"k=’” i=1 Po(z)
v, =

Z o /m—1
<M 2 <k-1>M§n

m=l/m—1
i SM,2Ms)"=: M, M7. (3.21)
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Especially, we can conclude that g(z, 7) converges in the circle {z: |t —w| <
Mg} for all zeK.

(d) We define ny:=max{3,1+3M,(M;)~"?}; then for all z in K
g(z, 1) maps {#: |t—w|<(nyMg)~'} conformally onto a domain U with
0eU.

Proof. Let z be in K, |t;,—w|<(noMg)~™!, i=1,2, t; #1,; then by
(3.19) and (c) it follows that |g(z, t;) — g(z, t,)|
(L—w)" = (1 —w)"

(ty—w)—(12—w)

m—1

&m—1(2) Z (tl_w)miliv(tz_w)v

2 v=0

e} 1 m—1
TR < /i~ 3 M2M'6”‘1m< > )
— noMsg
1
=|t, — 15 <\/ Mz _1)>
>|t1_[2| <\/ 3M2 1> 0,

3M2
JM;
(e) Since @(K) is compact, we can choose 0 < R < (2nyMg) ~' so that
{t:]t—w| <R} is contained in ./\{0}. Further, we define:
Dr(z):={t:t=w+ Re", ye[0,2n]},

L(z):=g(z, Dr(z)) ={u:u=g(z,t), e Dg(z)}, and
r(z) :=dist(L(z), 0) =min{ |u|: ue L(z)}.

=|go(2)(t; —15) + (1, —1,) Z &m—1(2)

=|go(2)(t; —1,) + (£, —1,)

3 3
1 8

because ny=1+

Since r is continuous on K and positive, there is an r, greater than 0 with
ro=min{r(z): ze K}. So the set {u: |u| <r,} lies in the interior of L(z) for
all z in K. Therefore, we can deduce that for all z in K there exists a
6(z) >0 satisfying |g(z, we®®)| =ry, |w(e®? —1)| <R, and |g(z, we¥)| <r,
for all Y € [0, d(z)). Finally, we set d,>0 with d(z) = J, for all z in K.

(f) Now, we define k(z):=we® and x(z):=g(z, k(z))?, so we see
that x(z) is continuous on K and R(x(z)) is greater than 0 for all z in K.
Considering the real part condition, there must be a x, and a x,,,, with:

Ko>0, Ko =min{R(x(z)): ze K}, (3.22)
Kmax > 0, Kmax = Max{ |x(z)|: ze K}. (3.23)
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(g) For zin K we get (see [7, p. 123, set n=2 and z=n]),

k(Z)e—np(z,t) dt = —np(z, w) *(z) —nv
g()di=e e~ f(v) db,

w 0

with v=u>=(g(z, )%, f(v) = q(1)4 = g(1)/75" and
=Y a2 o fo(0), f()=0(1), v-0.
s=0

So we deduce:

(z) ! s+ 1\ a
L e "f(v) Z < >n(s+1)/2_82,1(”’ z) +&55(n, 2).

The error terms can be estimated uniformly:

(gl) As mentioned above, the coefficient «, does not have to be
taken into account, so it follows that ¢, ,(n,z) =1 ) (90/~/2p0)
1 /f Further, the incomplete gamma function holds

o0 [e o)
e—t—12 dtze—x(z)nf e—(t—x@m =172 gy

k(z)n

rGoz)m = |

k(z)n

=e"c(z)”J e *(x+x(z)n) " dx.
0

By (3.22) we obtain |11}, k(z) n)| <e ™ "(xo) =2 and by (3.20), |e, 1(n, z)|
<e 0" (1c0) "2 M, (5412 l/ﬁ; that means

1
gy 1(n,z)=—=0(e™"") (3.24)
n

and the O-term holds uniformly for all z in K.

(g2) Because fy(v)=v""*(f(v) =X _oa, 0" V) =37, a0 !
and f,(v)=0(1), v—0, there must be an M, greater than 0 with
| />(v)] < M for all z in K, |v| less than r3, and it follows that

) 12
f e v 2f, (v) dv
0

|82,2(”s )| =

K(2) # J| etz 2 e, <K(Z ) x> dx’

0
< (K pay) P n =32 f e xV2M . dx =: Mgn—3%?
0
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that means
& 2(n,2) = 0(n =), (3.25)

and the O-term holds uniformly for all z in K.

(g3) The final error to calculate is the value of the integral along
the arc of the semicircle from we® to —w. The function g(z,y):=
R(p(z, we¥)— p(z, w)) is continuous on K x [d,, ] and we deduce from
the real part condition that there is an M, greater than 0 with g(z, y) not
less than M, for all (z, ) in Kx[J,, 7]. So we get

—w
| e dt‘ =
k(z)

0Pz W) j T e = pa Ny (1) dt ‘
k(z)

< |efnp(z, w)| eanng

L:: | dt

< |e &M e =" MoM M,

with M, greater than 0. Altogether, we obtain
[ emmteng(r) de =m0 (o), (3.26)
k(z)

where the (-term holds uniformly for all z in K again.

(h) From Theorem 3.2 and (3.24), (3.25), (3.26), and (3.16) we
finally obtain:

0,(2)= G, (2)(1 4 O(e ™) + O(n ") + \/n O(e "))
=G,(2)(1+0(n™").

The O-term holds uniformly for all z in K and so the proof is completed. |

3.3. The Airy-asymptotics

Finally, we give an Airy-asymptotics for Q, as z > —e:

THEOREM 3.4. Let z,= —e(1 —(6n?)~3s), seC, then, as n— o,

oco-tictrefe-n(e- ()"0

x (A(s) +O(n~1?)),
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84!

Y4

FIG. 2. The path of integration for the Airy-asymptotics.

where A(s) is Airy’s function. A(s) is an entire function given by

1 1
A(s)=%L exp {3 13—51} dt, seC,

where L is any contour which begins at infinity in the sector —%<ph(t)<
— % and ends at infinity in the sector Z<ph(t)<3; see [9, p.90] and [8,

p. 377]. Further, the O-term holds uniformly for s in K, K compact.

Proof. The result can be proved in a similar way as in [ 8, pp. 232-235]
for Laguerre polynomials. The main difference is the path of integration y,,
which should be chosen here in the following way (see Fig. 2):

Let 0 be in (0,5), t, =t (n):= —1+(6n" ") n%™ "> o, :=ph(t,)e
(0,7), t_=t_(n):=—1+06n"HY3n% "3 « :=ph(t_)e(n 2r) and
r,:=|t, |. Further we define

Yo:=V1t V2t V3t V4,
V1= {t: |t| =Ty, ph(t) € [O’ O(+]},
yai={tt=—1—(6n"")"e""p, pe[ —n’ 0]},
yy={tt=—1+(6n"")"2e ™, pe[0,n’]}, and
ye:={t|t|=r,, ph(t)e[a_,2n]}.
The rest of the proof is quite similar to that mentioned above with the only
difference that the calculations for y, and y, lead to the Airy function. ||
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